AN EXPLICIT FACTORISATION OF THE ZETA 
FUNCTIONS OF DWORK HYPERSURFACES 
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Abstract. Let be a finite field with q elements, ip a non-zero element 
of F^, and n an integer > 3 prime to q. The aim of this article is to 
show that the zcta function of the projective variety over ¥q defined by 
0^ I : x" + • • • + xj^ — mpxi . . . Xn = has, when n is prime and is 

■ non singular (i.e. when ip" ^ 1), an explicit decomposition in factors 

coming from affine varieties of odd dimension < n — 4 which are of 
hypergeometric type. The method we use consists in counting separately 
the number of points of X^ and of some varieties of the preceding type 
and then compare them. This article answers, at least when n is prime, 
a question asked by D. Wan in his article "Mirror Symmetry for Zeta 
Functions" . 
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1. Introduction 
Let n be an integer > 3 and a finite field of characteristic p \ n. We 



consider the family of hypersurfaces of P£~^ defined by 

: + ■ ■ ■ + x" — mpXi . . .Xn = 0, (Dwork family) 

where ip & ¥g is a non-zero parameter. We will make the assumption that 
^ I is non-singular, i.e. that ip"' ^ 1. We denote by |X^(Fgr)| the number of 

^ I points of X^ over an extension F^r of degree r of F^; the zeta function of X^ 

is defined by 

S ■ t 



r 
r=l 



^ ■ When q = I mod n (see [TOl Theorem 7.2 page 174]) and when n is 

d I prime (see ^ Theorem 9.5 page 179]), it is possible to show that the zeta 

function of X^ takes the form 

^ ... ^ (g(t,^)i?(g^t^^))^'^^"" 
""'^Z'"' ^ ' (1 - t) (1 - gt) ... (1 - q^-H) ' 
where p is the order of q in (Z/nZ)^. 

In this formula, Q{t, ip) is a polynomial with integer coefficients of degree 
n — 1. As proved by D. Wan (see [TUl §7, Eq. (14), page 173]), this factor 
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comes from the zeta function of the quotient YJ/, of ® ¥qp by the group 
{{Ci, ■ ■ ■ ,Cn) £ ^qp I C" = 1) Ci • • • Cn = 1} (Wau calls Y^p a "singular mirror" 
of X^): 

'''^/"^^ ^ (1 -t){l-qt)...{l- q--H) ■ 
A simple equation of is {yi + ■ ■ ■ + UnY = ip-i^Yvi ■ ■ - lln- 

The factor ip) is a polynomial with integer coefficients of degree 

{n-ir + {-mn-l) _ . _ ^) 
n 

whose roots have absolute values We are interested in describing 

the factorisation of R] two approaches are possible: either predict, from 
a theoretical point of view, the existence of a factorisation of i?, or look 
for explicit varieties with factors in their zeta functions appearing in R. 
Concerning the first approach, we refer to [8]. The second approach is raised 
by Wan in [TUt §7, page 175] who mentions that it has been solved for n = 3, 
n = A (Dwork) and = 5 (Candelas, de la Ossa, and Rodriguez Villegas); 
a recent article of Katz [7] also talks about the subject from a different 
angl^. 

The aim of this article is to handle the case where n is a prime number 
> 5 by using only properties of Gauss sums; the fact that n is prime allows to 
restrict to the case g = 1 mod n in view of Haessig's result P, Theorem 9.5, 
page 179] that, when n is prime, 

where p is the order of q in (Z/nZ)^. More precisely, if we define NB.{q^) 
by Rit.ip) = exp(^^^ A''ii;(g^)^), we will show the following result (Theo- 
rem 15.101 page [18]) . 

Theorem. Let n be a prime number > 5 such that q = 1 mod n. We can 

write 

(1.1) Nn{q^) = q'^NM) + q"^ N,{q^) + ■■■ + N„.-4{ql, 

where each Nd{q'') is a sum of some \Hd^i{q'") \ — {q — lY^^q'^^^^'' , the Hd,i 
being varieties of Ap^^ of hypergeometric type of odd dimension equal to d 
with 1 < d < n — 4: (their equations are explicitly given in ^5.3\ paae lT5\) . 

This equality in terms of number of points translates into a factorisation 
of the polynomial R in terms of the zeta function of the preceding Hd^i{q'^). 

^His results are in terms of traces of the Frobenius of the toric hypersurfaces xi . . . Xn = 
^yi ■ ■ ■ Um over a hypergeometric sheave. 
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This article is organised as follows. In ^ we recall the formulas concern- 
ing Gauss and Jacobi sums we will need in the rest of the article. In ^ we 
compute, in terms of Gauss sums, the number of points of some varieties 
of hypergeometric type thanks to a method similar to the one Koblitz used 
in [H]. In §11 we recall the formula for the number of points of X^, and in 
^ we compare this formula with those from ^ Finally, in ^ we detail 
the cases n = 5 (already treated by Candelas, de la Ossa, and Rodriguez 
Villegas in [^) and n = 7. The assumptions that n is prime and that q = 1 
mod n will only be used starting from §3 and §4.21 respectively. 

Let us mention to finish that our method does not give a geometric link 
between and the varieties of hypergeometric type we consider. 

2. Gauss and Jacobi sums formulas 

In all this ^ ¥q will be a finite field with q elements. 

Let O be an algebraically closed field of characteristic zero, G a finite 
abelian group and G = Hom(G, ft*) its character group. Let us recall the 
following orthogonality formula: 



where e is the neutral element of G. In the following, we will use this formula 
when G = ¥gOT G = ¥*. 



(2.1) 




Let us now fix a non-trivial additive character ip: ¥q CI*. 



Proposition 2.1 (Orthogonality formula). 



(2.2) 




Proof. This results from Formula fl2.ip above and the fact that every addi- 
tive character is of the form x i— > (p{ax) for some a E¥q. □ 

Definition 2.2 (Gauss sums). If x'- ~^ ^* is a multiplicative character, 
let G{(p, x) be the Gauss sum 
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Proof. Let us recall the proof of this simple property (see also [21 Theo- 
rem 1.1.4 (a), page 10]). We have 

Making the change of variable x = yz, we obtain 



ze¥;, z+^\ \&* ' 

We conclude by making the change of variable y' = y{\ ^ z) and by using 
an orthogonality formula. □ 



Proposition 2.4 (Multiplication formula). Let d > 1 be an integer dividing 
q — 1. If Tj is a character of¥*, 

Proof. This seemingly simple formula does not seem to admit an elementary 
proof; we refer the reader to [2], Theorem 11.3.5 page 355] for additional 
details. □ 



Definition 2.5 (Jacobi sums). If (xi, • • • ,Xr) is a finite sequence of char- 
define 

J{XU---,Xr) = Y Xl{Xl) . . -XriXr)- 



acters of F* , we define 



Xl,...,Xr€¥* 

xiH |-a:,,=l 



Proposition 2.6 (Link with Gauss sums). If Xi! ■ ■ ■ > Xr characters of 
¥* not all trivial, 

^G{(p,xi) ■ ..G{(p,Xr) 



(2.5) J{xi,---,Xr) 



q G{^,Xi---Xr) 
G{^,Xi)---G{<^,Xr) .r / 



Gi(p,Xl ■■■Xr) 

Proof. Let us briefly recall the proof (see also [2j, Theorem 10.3.1, page 302]). 
The additive convolution of the functions Xi, • • • , Xr is defined by 

iXl* ■■■ *Xr){a) = Y Xl{xi) . . -XriXr)- 



\-Xr = a 

x,&' 



It is equal to (xi • • • Xr){.ci)-J{.Xi ■ ■ ■ Xr) when a 7^ 0. To compute the value 
when a = 0, we notice that the sum of (xi * ■ ■ ■ * Xr)('^) over a G Fg is 
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since at least one of the Xi is non trivial. Thus, (xi * ■ ■ ■ * Xr)(0) is if 
Xi . . . Xr 7^ 1 and is -{q - 1) J(xi, . . . , x^) if Xi • • • Xr = 1- Moreover, 

r 

i=l aeWq 

and so 

[G^t^, 1) - (g- 1) ifxi---Xr = l, 
which shows the result. □ 

Proposition 2.7 (Fourier inversion formula). For every map /: F* — * f2, 

(2.6) vx e f;, /(x) = ^ E (E 

Proof. It is a direct consequence of the orthogonality formulas for the char- 
acters of the abelian group F*. □ 

Corollary 2.8. If x e ¥* , 

(2.7) ^(^) = ^^G(^,^-i)^(^). 

3. Number of points of some varieties of hypergeometric type 

In all of §31 will be an integer > 2 and Fg a finite field with q elements. 

3.1. Computation of the number of points. We consider here some 
affine varieties of hypergeometric type for which we compute the number of 
points by using Gauss sums and taking inspiration from Koblitz [9, §5]. 

Theorem 3.1. Let k > I > 2 be two integers and A G F* a parameter; we 
denote by Hx C A^"*"^ the affine variety defined by 

'y" =X'^^ ... Xf (1 - Xif^ ... (1 - X,_i)^'-i(l -Xi Xkf^ 

Axi ... X/ = 1 

where ai and (3i are integers > 1 . The number of points of Hx over ¥g is 
where 

^ ^ 1 G{^, x"'v) ■ ■ ■ G{^, x"'v) Gjip, x^O ■ ■ ■ G{^, x^')G(y, x"'+0 ■ • ■ Gj^p, x"") 

^^X'** qi^ G(<^,x"i+^i?7)---G((^,X"'-i+A-i?7)G(<^,X"'+'"+"'= +'''??) 

with V denoting the number of trivial characters among those appearing in 
the denominator (namely, y^i^^ir] for 1 < j < / — 1 and x"'"' ^'^^^^^r]). 
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Proof. To simplify, we shall write = Q{xi, . . . , Xk) for the first equation 
defining Hx- We have 

\H.m= E 1= E El' 



y"=Q{x) Xxi...xi=ly''=Q{x) 
Xxi...xi=l 



with 

^ , ^ , I 1 if 2; = 0, 

{ye¥, y^ = z} ={ ^ . . . ' 

1 1 + E x{z) if ^ / 0, 

x"=i 

and thus 

iaA(F,)i= E 1+ E (i+E^ww)) 

xSF* xeF* x"=i 



Xxi...xi=l Xxi...xi=l 
Q{x)=0 Qix)T^O 



E 1+ E T.xiQ{x)) 



xew^ xeF'' x"=i 

Aa;i...a;i=l Ax-i...a;;=l at^-^ 
Q{x)^0 



= (g-iy-v-^+E E ^(^(^)) 



x"=i 

Aa;i...a;,=l 



= (g-iy-V-^+E E xiQix))Sxx,...x,i, 



where 5z,z' is the Kronecker delta (= 1 if 2; = and = otherwise). Because 

yz,z'e¥;, 5.,.' = -^E^(^)' 



Q 



we may write 

\Hx{¥,)\^{q-iy-V-' 

+ E^E( E x{Q{x))r]{xi...Xi)\7]{\). 

Let us compute A^x.x.r? = I]q(x)7^o x(Q(^))^(^i ■ ■ ■ a:;). As Oij and /3j are > 0, 
Nxa,v = E (X'''v)(x,)x^^(l -X,)... (x'''-^rj)(xi.,) 

Xl+-+Xk¥=l Q , X 

X'^Hl -a^/ Xk)- 

We recognize a product of Jacobi sums: 

^A,x,. = ^(x"^^, x^O ■ ■ ■ ^(x"'-^^, x^'-0^(x"'^, x"'+S ■ ■ ■ , x"^ x^O- 
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By using Formula (12.51) page HI we deduce that 

^ 1 ^) ■ ■ ■ Gjifi, X"' v)Giip, x^Q ■ ■ ■ x^' ■ ■ ■ Gjip, ) 

g'' Giip,x"'+^'v) ■■■G{(p,x°"-'+'^'-'v)G{(p,x"'^'"+"''^^'v) 

with z/ as defined in the theorem. □ 

Notations. Let iVA,x,r? be as in the previous theorem; we define 

^ E ^A,x,r,r/(A) and = Nx,^,,. 



q 



Corollary 3.2. Assume that n is odd, that none of the elements of the 
sequence {Pi, ... , Pi, . . . , ak) are divisible by n and that, for 1 < b < 
n—1, the number of terms of the sequence = b mod n is equal to the number 
of terms = —b mod n (this implies that k is even). When these conditions 
are met, we say we have complete pairing. In this case, 

where v is the number of trivial characters appearing in the denominator. 
Proof. This is an immediate consequence of the reflection formula (12.31) : 

(Let us note that, because x 7^ 1 and because each and Pj are ^ 
mod n, the characters appearing are all non trivial, and so the reflection 
formula applies with = 1 as n is odd.) □ 

3.2. Link with some hypergeometric hypersurfaces. Assume that n 
is odd and that ai + Pi = mod n. In that case, Hx has the same number 
of points as the hypersurface of A'^ deflned by 

y^ = xT... (1 - X2f' ... (1 - xi^if-^ 

■{l-xi Xkf'+^{l-Xx2...Xif^ 

without the points where X2 . . .xi = Q. We recover in this way a hypersurface 
of the same type as in [H §11.1] when n = 5 (see also example 16. II page [T^ . 

4. Number of points of the dwork hypersurfaces 

In all this §11 n denotes an integer > 3 and our aim is to compute 
the number of points of and then organise it into an appropriate form 
to relate it to the number of points of varieties of hypergeometric type 
considered in ^ 

To compute the number of points of in terms of Gauss sums, it is 
possible to use a method close to the one A. Weil used in [11] for the diagonal 
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case ^ = 0; this is done for example in [9l Theorem 2, page 13] and [101 §3]- 
After recalhng this computation in §4.21 we will organise the terms in the 
same way as Candelas, de la Ossa and Rodriguez- Villegas did for the case 
n = 5 in [Sj §9] and [4, §11], namely (see Theorem 14.101) : 

|X^(F,) I = 1 + g + ■ ■ ■ + + N^,,,,, + ^s- 

In §3 we will explain how each A^^ is related to a A^a = |-f^A(Ig)| — {q — 
^y-i^k-i from g3] (here, A = ^). 

4.1. Preliminaries. The aim of this §4.11 is to set a certain number of 
notations useful in what follows. The groups Z/nZ, (Z/nZ)^ and (5„, act 
on each (si, . . . , Sn) G {Z/nZ)^ satisfying si + ■ ■ ■ + s„ = in the following 
way: 

Vj G Z/nZ, j ■ (si, . . . ,s„) = (si + j, . . . ,s„ + j); 
Wk G (Z/nZ)^, k x (si, . . . , s„) = {ksi, . . . , fcs„); 
V(T G 6„, "{si, . . . , s„) = (s^-i(l), . . . , S<^-i(„)). 

Definition 4.1. Consider an s = (si,...,s„) G (Z/rzZ)" such that Si + 
■ ■ ■ + = 0; we denote by 

a) [s] = [si, . . . ,Sn] the class of (si, . . . , s„) mod the action of Z/raZ; 
5) (s) = (si, . . . , Sn) the class of (si, . . . , s„) mod the simultaneous ac- 
tions of Z/nZ and ©„; 
c) s the class of (si, . . . , s^) mod the simultaneous actions of Z/nZ, ©„ 
and (Z/nZ)^; 

7s the number of permutations of (si, . . . , s„). 
Remarks 4.2. 

a) The number 7^ only depends on s, not on the choice of s. 
h) If all the Sj are equal, then 7^ = 1. 

c) If (s) = (0, 1, 2, . . . , n — 1), then 7^ = n! but the number of permu- 
tations of [s] is n!/n = {n — 1)\ (the 1/n comes from the fact that 
adding the same number to each coordinate amounts to a circular 
permutation). 

The following lemma, which we will only use later (see Lemma 15.21) . 
shows that, when n is prime, the number 7^ of permutations of (si, . . . , s„) 
is almost always the same as the number of permutations of [si, . . . , s„]. 

Lemma 4.3. Assume that n is prime. If (si, . . . , s„) 7^ (0, 1, 2, . . . , n — 1), 

then 7s is equal to the number of permutations 0/ [si, . . . , s„]. 
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Proof. If there exists j E TLjnL non zero such that (si + j, . . . , + j) is a 
permutation of (si, . . . , s„), then {si, . . . , s„} is a nonempty subset of TLjnTL 
stable by X I— a; + j and thus equal to Tj/nL as n is prime. Consequently, 
(s) = (0,l,2,...,n-l). □ 

Remark 4.4. This proof shows that, when (s) 7^ (0, 1, . . . , n — 1), the only 
j e TLjnL such that there exists a G (5„ satisfying '^s = s + j is j = 0. 

4.2. Formula for the number of points of X^. The aim of this §4.21 is 
to prove Theorem 14.51 below, stated in a slightly different form by Koblitz in 
[9", §3] . From now on, we resume using the notations and assumptions of the 
introduction: Fg is a finite field, n an integer > 3 such that (? = 1 mod n, 
G Fg is a non-zero parameter (but we don't yet suppose that ■?/'" 7^ 1) and 
is the hypersurface of ^"^'^ given by a;" + ■ ■ ■ + — n-\\}X\ . . . x„ = 0. 

Theorem 4.5 (Koblitz). We have 

+ A E E i (n ^(V'' ^""^"')) ^(^' ^")^( (d-,)" - 

•where 6 = if one of the x^'V is trivial and 6 = 1 otherwise. 

Proof. For the sake of completeness, and because it would be just as long to 
deduce our formula from Koblitz', we will recall the proof given in [9l §3]. 
Let f{x) = + ■ ■ ■ + — mpxi . . .Xn and set 

i^,iX^) = \{xe¥^\fix) = 0}\; 
K(X^) = \{^e{¥*r\fix) = 0}\. 

As the product xi . . . x„ is zero when one of the Xi is zero, we have z/q(X^) — 
i/*(X^) = z/,(Xo)-z/*(Xo), i.e. 

u,ix^) = u.iXo) + u;ix^) - u;iXo). 

The computation of t'g(Xo) is classical and goes back to A. Weil, also we 
will not recall it (see [TT] or [21 Theorem 10.4.2, page 304]). By using For- 
mula (12. 5p to express everything in terms of Gauss sums and by doing the 
change of variable Xi ^ Xi'^^ here is what we find: 



(4.1) 



Xl--Xn = l 

We now need to compute z/*(X^) and z/*(Xo). Both computations rely on the 
same method, the only difference being that, when ip = 0, the polynomial 
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f{x) is a sum of n monomials instead of n + 1 which shghtly changes the 
result. We will only give the details for z/*(X^) when ip ^ 0. 

The orthogonality formula fl2.2p page [3] for additive characters shows 
that 



= (^~^) +-E E (n<^(aa;r))<^(-'^^aa;i...a;„). 

We now express each </)(...) in terms of Gauss sums thanks to Formula (12. 7p 
page[5j 



^q[^i>) - 



71+1 

\ / I . . 

(^1 • ■■Vn+i){a] 



-\ E (nG(.-r-))(^E 

n (~i E (^r^"+i)(^o)^- 



-nip). 



Using orthogonality formulas, the sums over a and the all non-zero 

(equal to g — 1) if and only if 

I ?7i = XiV 

The character rj defined in this way is not unique; indeed, if rj' and x'i ai^e also 
solutions of the system, there exists x satisfying = 1 such that rj' = x~^V 
and Xi = XXi ^ill i- This means that if i? is a representative set of the 
n-uples (xi, ■ ■ ■ , Xn) of characters mod the (x, . . . , x) satisfying xr = 1 a,nd 
Xi . . . Xn = 1 with x" = 1, the map (xi, . . . , Xn, ??) ^ (xi?7, • • • , Xn^?, 
is a one-to-one map of i? x F* onto the set of (n + l)-uples (?7i, . . . ,rin+i) 
satisfying the preceding conditions. From this, it results that, if x is a mul- 
tiplicative character of order n, 

(a - 

(4.2) <(X^) = ^-^ ^ 



+ ^ E E (n ^(^' ^""^")) ^(^' ^")^(f4-)- 
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This ends the computation of z/*(X^). By a similar method, we find 

(4.3) „.(A-,) = ii:-!): H- y: (nG(v.xr')). 

Xl...Xn = l 

From (14. ip and (14.31) . we obtain 
.,(Xo)-<(Xo)=g"--^i:-^-^ Y: (flGi^,x7'A 



Xl...Xn = l 

3j, Xi=l 



q-1 



mod Uy y)\ ncv* ^i=l 



(xi>--->Xn) mod {(x,---,x)} jjgF, 

Xr = l: Xl---Xn = l = l 

3j, Xi=l 

Writing Xj = where x is^ above, a character of order n, we transform 
the first sum into a sum over the [s] such that 3z, Sj = 0; finally, we combine 
the terms of this sum with those satisfying r^" = 1 in Formula (14.21) above 
for z/*(X^). As G{(f, 1) = —1, we have, with 6 as defined in the theorem. 

By counting the number of zeros in the projective space instead of the affine 
space, we obtain the announced formula. □ 

4.3. Reorganisation of the terms. We keep the assumptions and nota- 
tions of §4.21 and suppose that n is odd. The aim of this §4.31 is to write the 
formula obtained for |X^(Fq)| in Theorem 14.51 in terms of some coefficients 
Pisi,...,s„),x,v which we now define. 

Definition 4.6. Let us consider (si, . . . , s„) G (Z/nZ)" such that Si + ■ ■ ■ + 
Sn = 0. If X is a multiplicative character of F* of order n and if 77 is a 
character of F* , we set 

where z denotes the number of trivial characters in the finite sequence 
[x'^^f], . . . , X^"v) s-iid where 5 = if 2 7^ and 6 = 1 if z = (this is 
the same 6 as in Theorem 14.51) . 
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Proposition 4.7. With the above assumptions, we have 
Proof. Invoking the reflection formula (12. 3p . we obtain 



and, using the multiplication formula (12.41) . we get, as n is odd, 

G{v, = ^ G{v, v)G{^, XV)--- G{^, x^'-'v)- 
q 2 

With these two formulas, we deduce at once the result. □ 

The coefficients (3 defined above satisfy the following three compatibility 
relations respective to the actions of the groups "L/riL, (5„ and (Z/nZ)^. 

Lemma 4.8. With the same notations and assumptions as the preceding 
definition, 

(4.5) V(T G 6„, A^.(i),...,s.(„)),X,'7 = P{su...,s„),x,v'^ 

(4.6) Vj G Z, f3(^si+j,...,s„+j),x,V ^ (^{si,...,s„),x,X^ri'i 

(4.7) Mk e{Z/nZY, /?(fcsi,...,fcs„),x,>7 = A.l,...,sn),x^r,• 

Proof. Formula (14.51) results immediately from the definition of (3. As for 
(14.61) and (14. 7p . we note that the product G{ip,ri)G{ip,xv) - - - G{(p,x"'^^v) 
in Formula (14. 4p stays the same if we change rj into X''V or if we change x 
into with k prime to n. □ 

Proposition 4.9. Under the same assumptions as above, the following 
quantities only depend on {s) (as well as on the choice of x) ond of s re- 
spectively and not on the choice of the representative (si, . . . , s„).' 

r,GF* 

Proof. For A^[s],x7 we just use Formula (14.61) and the fact that rj x^V 
is a one-to-one map of F* onto itself when j G Z/nZ. For Ng, we use 
Formula (14.71) and the fact that x ^ '^^ ^ one-to-one map of {x G 



N{s),x 



X" = 1} onto itself if G (Z/nZ)^. □ 
We deduce the following result. 
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Theorem 4.10. Under the preceding assumptions, we have 

|X^(F,)| = 1 + g + . . . + + Y,N,. 

s 

Remark 4.11. As we will see in §4.41 below. Nq = A^mirror and, when is 
non-singular (i.e. when ■?/;"■ 7^ 1), A^(o,i,2,...,n-i) = 0. 

4.4. Identification of some of the factors. We keep the assumptions 
and notations of §4.31 Let us recall that denotes the "singular mirror" of 
X^, as specified in the introduction, and we write A'mirror = I^v(^i3)l ~ + 

Theorem 4.12 (Wan). Nq = A'^irror- 

Proof. See [TUl §4]; note that the result is not known when q ^ 1 mod n, 
unless n is prime (see |6j). □ 

Let us recall that, in this §11 the only assumption we make on is that 
Lemma 4.13. We have 

and so the term A^(o,i,2,...,n-i) = (^ — 1)! A'(o,i,2,...,n-i),x does not contribute to 
the zeta function Zx^/Vqit) whenijj'^ ^ 1 and contributes as (1 — q^t)^^'^^^'^' 
when ip"' = 1. 

Proof. When (si, . . . , s„) = (0, 1, . . . , — 1), we have 

G{ip, x'^v) ■ ■ ■ G{^, x'^'v) = G{v, v)G{v, XV)--- G{^, x^^'^v)- 

Moreover, the number z of trivial characters in the sequence [r], xii - - - ■> 
X^~^v) is equal to 1 — 5 with the notations of Definition 14.61 page [TT l and 
thus 

n-l 

P{0,l,...,n-l),x,V = <? ^ • 

Consequently, 

n-l 

^(0,1,2,. .,n-2,n-l>,x = ^-J^ ^ V{:^), 

and we conclude by using an orthogonality formula. □ 

Remark 4.14. A similar result was given by Candelas, de la Ossa and 
Rodriguez-Villegas when q = p and n = 5 (see |3i §9.3]). 
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5. Link between the number of points 

In all this §5l we will assume that the integer n is a prime > 5 and 
that q = 1 mod n. We will only add the assumption that ip" = 1 in Theo- 
rem [STTOl 

The aim of this section is to show (in §5.4p the Formula fll.ip of the 
introduction. More precisely, we shall show, in Theorem 15. 7[ that each Ng 
(with s ^ 0)@ appearing in Theorem 14.101 is equal, up to a multiplicative 
integer constant and a power of q, to a term of the form 

(5.1) = 5^ iV,,, = 5^ -1- 5^ N,,x,vVW^ 



q-l ^ 



^"^} ^"r/ v^K* 



where A = and A^a,x,»7 is given by Corollary 13.21 page [3 

The crucial point is, starting from a given s, to find the integers ai and 
Pj which appear. For that, we define in §5.21 integers Vi and Wi from which 
we then define the integers ai and jSj in §5.31 But before this, we start by a 
divisibility result useful for the main result. 

5.1. A divisibility result. The aim of this §5. H is to show that the integer 
7s (from Definition 14.11 page [8]) is divisible by 

Kg = \{k E (Z/nZ)^ I [ksi, . . . , ksn] is a permutation of [si, . . . , 

This result is crucial in Theorem 15.71 to be sure that the quotient 7s/-ft"s is 
an integer. Note that Kg only depends on s, not on the choice of s. 

Definition 5.1. Given s G (Z/nZ)" such that + - ■ ■ + = 0, we consider 
the following subgroups of 6„: 

= {a G 6„ rs = s}; 
Sg = {ae 6„ I m = [s]}; 
S-g = {ae&n \ r^s]G(Z/nZ)><-[s]}. 

Let us note that, with these notations, [©„ : Sg] is the number 7^ of 
permutations of (si, . . . , Sn) whereas [©„ : Sg] is the number of permutations 

of [Si, . . .,Sn]. 

Lemma 5.2. When s 0, the integer Kg divides [©„ '■ Sg]. Hence, when 
additionally {s) 7^ (0, 1, 2, . . . , n — 1), Kg divides 7^ = [6„ : S'^] = [G„ : Sg]. 



^Let us note that there does not exist any s ^ when n — 3; this explains the 
assumption that n > 5. 



FACTORISATION OF THE ZETA FUNCTIONS OF DWORK HYPERSURFACES 15 

Proof. We remark that 

Ks=^-^^-\{ke{Z/nZr \[ks] = [s]}\. 

\^s\ 

As [s] ^ [0, . . . , 0], we have \{k e (Z/nZ)^ | [ks] = [s]}\ = 1 and so 

[en ■■ S,] = [6„ : S,] ■ K,. 

When furthermore (s) 7^ {0,1,2, ... ,n — 1), we have 7^ = [6„ : Ss] by 
Lemma [4.31 page [51 hence the resuh. □ 

5.2. Transformation of the P coefficients. In order to relate Ng to a 
certain Ni/^n in §5.31 we must first change the formula giving l3{si,...,s„),x,v 

Notations. Consider (si, . . . , s„) G (Z/nZ)" such that si + ■ ■ ■ + s„ = 0. 

For each b G Z/nZ, define k{b) = \{i \ Si = b}\. We have 

J2 k{b)b = and ^ k{b) = n. 

beZ/nZ 



We also set n' = |{& G Z/nZ | k{b) 7^ 0}| and m = n — n'. 
Remarks 5.3. 

a) The integer n' satisfies 1 < n' < n and we have n' = 1 if and only if 
[s] = [0, . . . , 0] and n' = n if and only if (s) = (0, 1, . . . , — 1). 

b) As n is prime, the integer n' is 7^ 2. Indeed, if + ^2^2 = with 
ki,k2 > 1 and fci + A;2 = n, then ki ^ mod n and A;i(fei — 62) = 0, 
hence 61 =62- 

c) As n is odd, the integer ra' is 7^ — 1. Indeed, let Si, . . . , Sn-i be 
distinct elements of Z/nZ and denote by Sn the element of Z/nZ not 
appearing in this sequence; as n is odd, we have Si + ■ — h s„ = 0, and 
so 2si + ■ ■ ■ + = Si — s„ 7^ 0. 

d) Thus, if (s) 7^ (0, 1, . . . , n — 1), then m > 2 and if, moreover, [s] 7^ [0], 
then 2 < m < n — 3. 

Theorem 5.4. VFzi/i i/ie preceding notations, 

n x'r^) 

n-l ^, b&Z/nZ, k{b)=Q 
b&LjnZ, k{b)=/=0 

where u = unless there exists b such that x^V = 1 (I'nd k{b) ^ , in which 
case V = k{b) — 1. 
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Proof. From the definition of P{si,...,s„),x,v (Definition 14.61 page fTTj) . we liave 

n G{if,x'v) 

P(si,...,s„),x,r, = q 2 



n G{^,x'v) 



We now liave to sliow tliat z + 6 = 1 + u. Recall that z is the number of 
trivial characters in the finite sequence [x'^'^Vj ■ ■ ■ iX'"V) that 5 = if 
2 7^ and 5 = 1 if 2; = 0. When 2; = 0, 5 = 1 and z/ = hence z + 5 = 1 + z/. 
When z 7^ 0, there exists a unique h G Z/nZ such that 77 = we thus 
have z = k{b), 6 = and u = k{b) — 1, hence z + 6 = 1 + u. □ 

Remark 5.5. Let {vi, . . . ,Vm) be an enumeration of the b G Z/nZ such 
that = and let {wi, . . . ,Wm) be an enumeration of the b G Z/nZ 
such that A; (6) > 2, each repeated with multiplicity k{b) — 1. The formula 
of Theorem 15.41 can be rewritten as 

Gi^,x'''v)---Giip,x''"'v) 



n-l 



where z/ is the number of trivial characters appearing in the denominator. 
Lemma 5.6. With the notations of the preceding remark, 

f 1 H \-Vm = Wi-\ \-Wm mod n. 

Proof. This identity can be rewritten as 

J2b= J2 {m-^)b i.e. j2^ = Y,mb. 

k{b)=0 k{b)>l b b 

We conclude by noting that J2b&/nz k{b)b = and that, because n is odd, 
Efcez/nz b = 0- □ 



5.3. Link with the hypergeometric varieties. We now establish the 
link between and the varieties of hypergeometric type from §31 

Theorem 5.7. Let s be distinct from the class of {0,1, ... ,n — 1) and of 

(0, . . . , 0). If s is a representative of s, assume that there exists two sequences 
(f 1, . . . , Vm) and {wi, . . . , Wm) of elements of Z/ nZ as in Remark 15.51 and 
an even integer m' < m — 2 such that 

V?g|1;^], W2i-i - V2i-i = -{W2i - V2i) modn. 
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We consider the affine variety Hi/^n of dimension 2m — m' — 3 given by 

y ~ -^1 ■■■•^m-^rn+l • • • •^2m-m'-2 -^^l 

(' 1 \'UJm-l—Vm-l ( -] rp ... rf.^ , „ ^ m- 1 " fm - 1 

V-"- ■^m—1) V '^"1 •'^Zm—m'—IJ 

Xi...Xm= V"" 

(In this formula, we replace the exponents by their representatives in |1; n\.) 
It is a variety of the form considered in Corollary \3.2\ page \2\ cind we have, 
using the notations of 33 

Ns = — q 2 2 Nij^n where 'js/Ks G N Lemma \5J^ 

Proof. As s is distinct from the class of (0, 1, . . . , n — 1), we have m > 2 
(see Remark 15 . 3 . I page fT5l) . The variety we consider is the one introduced 
in Theorem 13.11 page with I = m, k = 2m — m' — 2 and 

Cy.\ fx, • • • ) Clm ^rri) 

ttm+1 = Vm'+l — Wm'+i, . . . , a2m-m'-2 = ^m-2 ~ 

(3l=Wi-Vi, (3rn-l = Wm~l " Vm-1, = Vm~l " W^-l- 



According to the pairing assumption on the Vi and Wi and to Lemma 15.61 
we have 

Vm'+l H h f m = Wm'+l H h in Z/ TlZ, 

and thus, am + Om+i H h a2m-m'-2 + I3m = Wm mod n. Moreover, 

ai+ (3i = Wl mod n, . . . , a^-i + /^m-i = w^m-i mod n; 

+ = mod n, . . . , + /^m' = mod n; 

a^+i + (3m'+i = mod . . . , a2rn-m'-2 + Prn-2 = mod u; 

Prn-1 + Pm = mod U. 

The last three lines show that we have complete pairing (in the sense 
of Corollary [3]2] page [7]) of the sequence (/9i, . . . , /3m, Om+i, • • • , a2m-m'-2); 
these elements are ^ mod n as Vi ^ Wi mod n, and so 

^ G(yp,x-r7)...G(^,X--r7)- 
Hence, by comparing with Formula (15. 2p page [161 

n + 1 2m — 

P(si,...,s„),x,r; = q ^ 2 A^i/^„_^_^. 

Multiplying this equality by ^rY'^(^) ^'^'^ summing over rj G F*, we get 



n+1 _ 2m— m 
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We now sum over A; G |1; n — 1] the preceding formula where x is remplaced 
by ■ Noting that N(^g\^^^k = N(^ks),x (s^e Formula (14. 7p page [12]), we obtain 

n-l 

E n-\-l 2 m — 
N{ks),X =<1 ^ ' Nl/^r.. 

k=l 

The left hand side is equal to -^s X](s')gs ^(s').x l^] i^]' 

Lemma 15.21 page [TH shows that '~fs/Ks is an integer. The result is hence 
proved. □ 

Remark 5.8. When m' = m — 2, we have Vm-i — Wm-\ = Wm — v.^ by 
Lemma 15.61 page [16] and the equation of the variety simplifies greatly: 

= . . . x'"^{l - xiY^-'"^ ... (1 - x^Y^-''^ 

..Xm = 1p'' 



Hi/^n : 



5.4. Conclusion. We are now capable of showing Formula (11. ip of the in- 
troduction. We begin by a result giving a lower bound on the number of 
pairings which will enable us to show that the dimension of the hypergeo- 
metric varieties is always < n — 4. 

Proposition 5.9. Let s be distinct from the class of {0,1, ... ,n—l) and of 
(0, . . . , 0) and let s be a representative of s. We can choose two sequences 
{vi, . . . , Vm) and {wi, . . . , Wm) satisfying the assumptions of Remark 15.51 
page [23 such that we have the pairing 

Vi G |1; ^"^""+^ 1, W2i-i - V2i-i = -iw2i - V2i) modn. 

Proof. Let (t>i, . . . , Vm) and {wi, . . . , Wm) be sequences as in Remark [331 By 
Theorem 1.2 of [I4 page 126], it is possible to permute {wi, . . . , Wm) so that 
the Vi — Wi are pairwise distinct. Define V as the subset {vi — Wi} of Z/nZ 
(it has m elements) and /i as the number of opposite pairs contained in V; 
we have 

2fx=\Vn {-V)\ =2m-\VU {-V)\ > 2m - {n - 1). 
As 2yU is the maximal number of pairings, this ends the proof. □ 

Theorem 5.10. If ip"' 7^ 1, we can write 

|X^(Fg) I = 1 + g + ■ ■ ■ + g"-2 + N^i„^, 

n— 3 n — 5 

+ g— iVi + g— ATg + • ■ ■ + gAr„_4, 

where each is a sum of terms of the form \Hx{¥q)\ — {q — ly^igf^+i-' 
where and f3j are obtained from each s as described in §5.51 and where 
each Hx C A'^^^ is a variety of hypergeometric type of odd dimension equal 
to d with 1 < d < n — A (here, A = 1/ ip^) as considered in §5*. i[ 
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Proof. We saw in Theorem 14.101 page fT3] that, if 7^ and q = 1 mod n, 
we could write 

|X^(F,) I = 1 + g + ■ ■ ■ + + + 

In Theorem 14. 12^ we recalled Wan's result showing that A^^q = A^mirror and in 
Lemma l4.13[ we showed that the term corresponding to (0, 1, 2, . . . , n — 1) 
was zero when ip"' ^ 1. 

Let us now consider s distinct from the class of (0, ... , 0) and of (0, 1, 2, 
. . . , n — 1). Let m' be the greatest even integer < m — 2 such that there exists 
two sequences (t>i, . . . , f^) and {wi, . . . , Wm) as in Remark 1^31 verifying 

ViGfl;^], W2i-i - V2i^i = -{w2i - V2i) mod n. 

By Proposition 15.91 we have m' > 2m — n + 1 (note that, by Remark 15.3.6? I 
page [151 m + 3 < n, hence m — 2 > 2m — n + 1). The dimension d = 
2m — m' — 3 of the corresponding variety of hypergeometric type considered 
in Theorem 15.71 page [TBI thus satisfies 1 < d < n — 4. 

- n-\-l 2m — n — d—2 - 7 • i 

Moreover, we have g 2 2 = g 2 , and so, as d varies between 1 

n — 3 

and — 4, these powers of q take the values q^~ , ■ ■ ■ , q respectively and 
all these values are obtained; indeed, if we consider an integer m such that 
2<m = rf + l<n-3and define s = (0, . . . , 0, 1, n - 1, 2, n - 2, . . . , ^^^f^, 
n - ^^^f^), then w = {0, . . . ,0) and v = (^^^f±i, n - ^^^f±i, . . . , 
each consist of m elements and we have m' = m — 2 with the notations of 
Theorem 15. 7[ □ 

6. Examples 

To illustrate the methods we have just presented in this paper, let's detail 
explicitly the cases n = 5 and n = 7; these examples are given in terms of 
the hypersurfaces of hypergeometric type from §3.21 



Example 6.1 (n = 5). Let's recover the results announced by Candelas, de 
la Ossa and Rodriguez- Villegas in [4j in the non-singular and non-diagonal 
case (see [5] for a complete treatment of the n = 5 case). We are interested 
in the factorisation of the zeta function of the quintic Ai^ : a;f + ■ ■ ■ + 
X5 — btpxi . . . X5 = when ip and ip^ ^ 1. We list all the classes 
(si, . . . ,85) 7^ (0, 0, 0, 0, 0) and 7^ (0, 1, 2, 3, 4) (following the notations from 
^ milETllO andra: 

s '-)s Ks m m' d 



(0,0,0,1,4) 20 2 2 1 
(0,0,1,1,3) 30 2 2 1 



20 



P. GOUTET 



Using the method described above, we obtain the following table (the hyper- 
geometric hypersurfaces are all of the form = x"^{l — xy^{l — -^^x)^'^^). 

S Vi V2 Wi W2 EQUATION 

(0,0,0,1,4) 2 3 i/5 = x2(l-x)3(l-^x)2 
(0,0,1,1,3) 2 4 1 = x\l - x)\l ~ j,x) 

We find the same equations as those given in [H §11.1]: 

A^:y' = x^il-xfil-j,xf and B^: y' = x^il - x)\l - j,x). 

We set A^^^ = |^^(Fq)| — q and N^^ = \B^(¥q) \ — q (these number of points 
are affine). We have, when ip ^ 0, ^ 1 and q = 1 mod 5: 

\M4¥g)\ = l + q + q^ + q^ + N^,,,,, + lOgiV^^ + IdqNe^. 

Example 6.2 {n = 7). We use the preceding results to find the factorisation 
of the zeta function of the septic S^: xl-\ — ■ + — Tipxi . . . = 0. We list 
the (si, . . . , S7) 7^ (0, . . . , 0) and 7^ (0, 1, 2, 3, 4, 5, 6) (following the notations 
from §glll[5lIl[52]and[53D: 



s 


7s 


Ks 


m 


m' 


d 


(0,0,0,1,2,5,6) 


840 


2 


2 





1 


(0,0,1,1,3,4,5) 


1260 


2 


2 





1 


(0,0,1,1,2,4,6) 


1260 


2 


2 





1 


(0,0,0,0,1,2,4) 


210 


3 


3 





3 


(0,0,0,1,1,2,3) 


420 


1 


3 





3 


(0,0,1,1,3,3,6) 


630 


3 


3 





3 


(0,0,0,0,0,1,6) 


42 


2 


4 


2 


3 


(0,0,0,0,1,1,5) 


105 


1 


4 


2 


3 


(0,0,0,1,1,1,4) 


140 


2 


4 


2 


3 


(0,0,0,1,1,6,6) 


210 


2 


4 


2 


3 



The result is that, when ip ^ 0, ip"^ ^ 1 and q = 1 mod 7, the number of 
points takes the form 

IS^Wg) \ = l + q + q^ + q^ + q^ + q^ + N^,„,, + q^N^ + qN^, 

where the terms corresponding to curves of can be written as 

Ni = mNc, + 630A/'c2 + 630iVe3, 

and those corresponding to threefold hypersurfaces of A"^ can be written as 

N3 = 70Nt, + 420A/'t2 + 210Nt^ + 21iVt/ + 105Nt'^ + 70Nt'^ + l05Nt'^, 

where the various terms are defined in the following table (the corresponding 
number of points are in the affine space). 
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EQUATION OF THE HYPERSURFACE NB. OF PTS. 

y-^ = x%l-xf{l-jrx)'' g + iVc3 

y7 = xlxlxlil - Xi)^(l - X2 - X3)^(l - ^7X1X2) + Nt^ 

y^ = x\xlxl{l - Xif{l - X2 - X3)^(l - j;rXlX2) q^ + Nt^ 

= X\xlxi{l - - X2 - X3)^(l - ^XiX2f + Nt, 

y7 = xlxlxl{l - Xi)^(l - X2f{l - X^Y{1 - j^XiX2X^f q^ + Nt'^ 

y'^ = xlxlxlil - xi)'^{l - 0:2)^(1 - 0:3)^(1 - ^7X1X2X3) q^ + Nt'^ 
y'' = xlxlxlil - Xi)^(l - 0:2)^(1 - 0:3)^(1 - ^XiX2X3) q^ + Nf^ 

y7 = xlxlxlil - Xi)'^{l - X2f{l - X3)^{1 - jfXiX2X3f q^ + Nf^ 

Let's justify for example the equation corresponding to [0, 0, 0, 0, 0, 1, 6]. 
We have {vi,V2,V3,V4^} = {2,3,4,5} and ^1 = ^2 = ^3 = ^4 = 0. Let's 
take, for example, Vi = 2, V2 = 5, = 3 and f 4 = 4 so that Wi — Vi = 



— {w2 — V2) and W3 — f 3 = —(1^4 — ^4). For this choice, we have m = 4, 
m' = m — 2 = 2 and the equation we obtain is 

= xlxlxlil - Xi)\l - X2f{l - X^Yil - ^XiX2X3f. 

This is the equation corresponding to iVj^. The other equations follow in a 
similar way. 

Remark 6.3. Using the same method, we could treat the cases n = 11, n = 
13, etc. The only difficulty is practical, as the number of classes (si, . . . , s„) 
grows quickly with n. 
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